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THE UNSTEADY AXISYMMETRIC CONTACT PROBLEM
WITH HEAT GENERATIONY
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Lvov
(Received 9 November 1993)

Unlike previous papers {1--3], where steady contact problems of thermoelasticity were investigated, an unsteady contact problem
for a stiff finite cylinder with a plane base is considered. The cylinder is clamped to an elastic half-space and is rotated around
its axis with constant angular velocity. Heat generation due to friction over the contact area, non-ideal thermal contact between
the bodies and heat exchange with the surroundings from the free surfaces is assumed. A Laplace transformation with respect
to the time coordinate, a Hankel transformation with respect to the radial coordinate for the half-space and the method of
straight lines for the cylinder are used to solve the problem. The temperature and thermal flux fields in the cylinder and in
the half-space, the contact stresses and the displacements of the half-space are determined. The problem is analysed for
values of the input parameters which do not allow any change with time in boundary conditions. © 1998 Eisevier Science Ltd.
All rights reserved.

1. FORMULATION OF THE PROBLEM

Consider a cylindrical punch of radius R and height /, which is indented with a vertical force P into an
elastic half-space and is rotated with constant angular velocity @ (Fig. 1). At the initial instant of time
we will assume the temperature of both bodies and the residue of the punch to be zero. The mathematical
formulation of the problem is as follows:

the equations of thermoelasticity for the half-space
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the equations of heat conduction for the cylinder and the half-space
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the temperature boundary conditions
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the force boundary conditions
z=lu,=f(0<r<R), 6,=0(=R), 1,=0(r<c) (1.5)
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the initial conditions
of
=(: = =0, =—=0 16
1=0: t=T=0, f (1.6)

Here k = (A + p)/p = 1/(1 - 2v), v is Poisson’s ratio, p = (3A + 2p)ar, A and U are Lamé coefficients,
o is the temperature coefficient of linear expansion, f(7) is a function of the punch settling, A; and A,
are the thermal conductivities of the cylindrical punch and the half-space, respectively, % = ¥ = Y
are the heat-transfer coefficients with the external medium for the end of the cylinder, the side surface
of the cylinder and the free surface of the half-space, respectively, T is the temperature of the cylindrical
punch, ¢ is the temperature of the half-space, X; = 1/a; (z = 1, 2), where a; are the thermal diffusivities
of the cylinder and the half-space, respectlvely and A" is the thermal resistance coefficient. It was
assumed in [4] that 1,5 = f70,, where f7 is the friction coefficient.

The functions¢, T, u,, 4,, G, T,, depend on three real variables (7, z and t). Assuming that the curvature
of the edge of the punch has a parabolic form, it is convenient to represent the function (f{r, t) in the
form [5]

- 2
fno=fim-C b a7
2R,

where r* < R is a certain point close to R (we assume that the curvature begins fairly close to the edge
of the punch) and R, is the radius of curvature of the edge.
When solving the problem we will also use the condition of dynamic equilibrium of the punch

n? g'(‘) P(‘r)+21tj r,, (.0, T)dr (18)

2. FORMULATION OF THE PROBLEM IN TERMS
OF LAPLACE TRANSFORMANTS

Applying a Laplace transformation to Egs (1.1) and (1.2) and the boundary conditions (1.3)-(1.5),
and using (1.6), we obtain

L L L L L
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ATE = X;sTE, Al =Xyt (22)
aTL L
z:OI —¥=‘YOTL(O$I‘$R); r=R: %—:—’YaTL(OSZQI) (23)
ot oTt L ot oTt

z=1 Xz——az—-ll—é-z—=frmma, A — ” A — % —=htt-TH(O<r=R) (2.4)
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ot
‘—a?=‘y,,t"(r>R)
z=lL ul=fL(O<r<R), oL=00=R), 15=0(r<) (2.5)

The functions t&, TL, u%, ut, 6L, 1% depend on two real variables (r and z) and one complex variable
5. We will write Eq. (1.8), taking conditions (1.6) for the settling function into account, in the form

R
ms*fl(s)= PL(s)+2x| rol(r,l,s)dr (26)
0

3. SOLUTION OF THE HEAT CONDUCTION PROBLEM FOR A PUNCH
IN TERMS OF LAPLACE TRANSFORMANTS

In the first equation of (2.2) we will change to dimensionless coordinates p = r/R, { = z/l. Using the
finite-difference approximation of this equation and the second boundary condition of (2.3) with respect
to the dimensionless radial coordinate p, and also the method of straight lines [6] at each of the N points
of subdivision p; = Ap(i—1) = i —1)/(N-1) (i = 1, ..., N), we can reduce the problem for a cylinder
to a system of linear differential equations, which can be represented in the form

dw/d{ = Bw 3.1)

L L
w’(t.;.s)=[T‘(p.,c,s),...,TL(pN,c,s),‘” epos) A “’N'C’S)J

g

by (4 + bys),— 4b,,0,... ,0
: il
1 1
=[0,....0,b -1}, 5,2 y —by| ———+11,0,...
B, 5 2(2@,_1) ] 2 (2 + by5), b2(2(i—1)+1)0 ,0
0.... ,0,=2b,, by (2+ b,s)+ b,

bz=%, b= RAp?X,, by=Ya[14+ L
R%Ap PR Ap

where O is the zero matrix and E is the identity matrix (each of the matrices O, E and B, has dimensions
of N x N).
The solution of (3.1) can be constructed using a matrix exponential function [7]

W) = xp(BEOE),  exp(Bo) = 5, LR (32)

The function d(s) is determined using the boundary conditions.

4. SOLUTION OF THE PROBLEM FOR A HALF-SPACE IN DOUBLE
LAPLACE AND HANKEL TRANSFORMANTS

Applying a Hankel transformation of zero order with respect to the coordinate r to the second equation
of (2.2) and taking into account the fact that ¢ — 0 as z — - we can write the solution for the double
transformant of the temperature in the form

1 (&, 2,5) = D&, $)exp(—y, (&, 5)(z~ 1), Y3 5)=yE2 + Xps (4.1)

Using the solution of the axisymmetric equations of thermoelasticity for the half-space in Hankel
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transforms [3] and Eq. (4.1), we obtain expression for the double transformants of the stresses,
displacements and heat flux. Using the last condition of (2.5) these expressions can be written in terms
of the two unknown functions C,(&, s) and D(E, s). In particular, on the boundary of the half-space we
have

HELs)=DE&,s), ¢ ELs)=ry,(E 5)DE,s)

uzl‘H & ls)= §21‘),C| (&,5) =93y, (E,5)s ' D(E, s) “4.2)
oL (E,1,5)=8%0,C (&, 5)— 0sEs T (W, (&, s)k=1)"' +E)D(E, 5)

= l‘il b k+l _ o K __2uy
=k 193')(2k—1‘ G =AMy O X,

5. DERIVATION OF THE SOLUTIONS FORA CYLINDER AND A HALF-
SPACE IN ACCORDANCE WITH THE BOUNDARY CONDITIONS

Changing to the dimensionless parameter n = &R in (4.2), applying an inverse Hankel transforma-
tion and satisfying the boundary conditions (2.4) and (2.5), we obtain the equations

M ATER.L9)

: 3% =-f,0pRel, (p,1,5)

=1

%T ¥, (n, s)F(M, s)nJpg(Mp)dn+ —
0

("‘ ar* (" ) +hTL(p,c,s)))

= '1_37 Ay (W, (M, 5)+ ARYF(n, s)ndp(Mp)dn
L=1 0

(5.1)
T ?8,Cn,5) - 9;Rs™ W, (, )F(n, 5)InJo(Mp)dn = R*FL(s) (O<p=1)
0
—%T (¥, (0, )+ Y g RF(M, )Mo (M) =0 (p=1)
0 (52)
1 _
= [N*0,C(n,5) - 03RNs ™2 (W (M, ) + Ns) F(M, 5)Indo (p)dn =0
0
where ¥ (1, 5) = V(0 + X;sR%), C(n, 5) = Cy(W/R, 5), F(0, s) = D(/R, 5).
We extend (5.2) over the whole p axis using the Heaviside function
—%({ (¥, (1) + Y RYF(M, 5o (NP)en = 9(p, 5)H(1 - p)
(5.3)

%’f (n%6,C(M,5) - 6. R1s 2 (W, (M, 5) + Ns)F(m, )InJ,(Mp)dn = 6L, (p. 1, s)H(1-p)
0

After this we represent the unknown functions @(p, s) and 6(p, 1, 5) in the form of expansions in
Fourier-Bessel series with coefficients which depend on s

N-1
(P, s) = by (s) + )_:l b, (s)Jo(1,P). O (p,1,s5)= 3 a,(s)Jp(1,p) (54)

n=1

where |, are the zeros of the Bessel function of zero order Jy(x).

Applying a Hankel transformation to (5.3), the unknown functions F(n, s) and C(n, s) can be expressed
in terms of the function a,(s), b,(s) (n = 1, ..., N). Then, by satisfying relation (2.6) and also (5.1)
and the first condition of (2.3) (relations (5.2) with representation (5.3) are satisfied automatically) at
each point of the uniform subdivision p; = Ap(i—1) = (- 1)/(N-1) (i = 1, .. ., N), we arrive at the
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system of equations

N
3. @, (s)0,RGT'N, T () A (P + by (s)s ' TT* (p;, 5) +
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. N-1
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L N
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Here(i=1,...,N)
An(p)=[ Jo(m)Jo(np; X} -1*) " dn
0
0°(p;,5) = | THp;, )y (Mydn,  TL(p;,5) = | T(p;, s)n(uZ —n?)™" Jy(m)dn
0 0
T1(p;,5) = (8,0307 (¥, (M, s)(k = 1) + 1)~ 8;¥,(n, 5)(¥2 () + Ry )™ Jo (py)
I'(pisy=| Ipys)()dn,  1,(p;,9) = [ 1(p;s)N(17 —1*) ™ Jp(Mdn
0 0
1(pi,s) =¥, (,)(¥,(n,5) + Ry y) ' Jo(np;)
Y (p,s)=[ Y(pp) (. Y,(p;,8) =] Y(p,,si(nZ —n?) " Jy(m)dn
0 0
Y(p;.5) = (M ¥y (M, )+ ARY(F, (N,5) + RY )™ Jo(mp;)
and M}, (s) are the clements of the matrix (3.2) when { = 1.
Note that in this paper we have used the fact that 7* = (1 - 1/(N - 1))R. Hence
Rpy —r*)?
£ =f6) (=1 N=1,  fi(py.9)= ff(s)*‘(—pgze—')‘
pS
In addition to f{(s), in system (5.5) there are 4N unknown functions, namely
a,(s) b,(s) (n=1,...,N) (5.6)
the coefficients of the expansions of the unknown functions in Fourier-Bessel series and
d,(s) (n=1,...,2N) 5.7

the components of the vector d(s).
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6. DETERMINATION OF THE ORIGINALS
OF THE REQUIRED QUANTITIES

The transformant of only one of the required quantities (we have in mind the transformant f L(s) of
the displacements of the elastic half-space under the plane part of the punch) is included directly in
system (5.5). The transformants of the other required quantities are expressed in terms of the functions
(5.6) and (5.7). Thus, on the boundary of the half-space

tL(r,l,s)=bo(s)R;f (B, (M) + Ry )™ (1) Jo(n%) e

N-1 o
+ 21 b (i (MR (Fy(n.8)+ Ry ) (2 —nz)“nfo(n)lo(n-rﬁ)dn (6.1)
n= 0
L fr N-l r
RGEETHC W LR FAC R RWA L (62)

L N -1 r -1y T
u, (r,l,5)= 3, a,(s)%Ro; u,,J,(u,,)A,,(;)+b0(s)s n (;,s)+

n=1

N-1 -1 r (6'3)
+ 2] bk (S)s un"] (“’n )rln (E ) s)

The transformants of the temperature and the heat flux in the cylinder can be found from (3.2), while
the transformant of the contact stresses can be found from (5.4).

To calculate the originals of these functions we will use a numerical method of inverting the Laplace transformation
employing Fourier sine series [8]. We will illustrate this using the example of the function f(t). Using this method
we obtain

(D=3 sin[(2k+1)8le,, ©=arccos(e™) (6.4)
k=0

where o is a certain real positive number which is chosen depending on the range for which one must obtain the
value of the original, and e, are constant coefficients, to calculate which, if we are limited in (6.4) to the first N*
terms of the series, we have the following system of linear algebraic equations with triangular matrix

" n+l
3 2l onke =2 ofli@n+Dol (1=0,1....N*) (65)
k=0 2n+1 r

We obtain the quantities f{(s) required in order to use the method at differently situated points on the real axis
by solving system (5.5) for each of the s, = (2n + 1)o (n -0, 1, ..., N*).

7. ANALYSIS OF THE NUMERICAL RESULTS
It is assumed that the force P acting on the punch is given by the equation

P(t) = F(1 - exp(—at)) (7.1)

where a and F are certain constants.

When carrying out the calculations we also assumed that the material of the cylinder is steel while
the material of the half-space is aluminium. The values of the constants were chosen as follows:
N=17,N =1L, =Y%=Y%=10m 2 =10 kWm*K, oy = 229x 10° K, F = 30 kN, 0 =
05sLR=1m/=02m, X; = 200,000 s/m?, X, = 50,000 s/m?, @ = 1, A = 5.46 x 10'° Pa,
o= 256 x 10" Pa, fr = 0.1, Ay = 22 W/m.K, A, = 209 W/m K and m = 4900 kg.

The results obtained are partially shown in Figs 2-6. In Figs 2 and 3 we show the distribution of the
contact stresses and temperature, respectively, on the boundary of the half-space at different instants
of time. In Fig. 4 we show the changes with time of the displacements of points of the elastic half-space
which are in contact with the punch (the function fi(t) is shown on a scale of 1:0.179 x 10~ m), and
the temperature (on a scale of 1:28.5°) at points of the boundary of the half-space close to the edge of
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the punch. If we follow the changes in the other required quantities, we find that, after a certain instant'
of time, they hardly change. Taking as the time required to reach the steady state 1, the time after which
any characteristic investigated does not change by more than 1%, we obtain 1, =~ 3.7 s. In the steady
state the heat fluxes shown in Fig. 5 are established. Curve 1 corresponds to points of the half-space
close to the lower face of the punch, and curves 2 and 3 are drawn for points of the upper and lower
faces of the punch, respectively. We chose the following scales for curves 1-3, respectively—1:10% W/m?,
1:5 x 10° W/m?, and 1:2 x 10° W/mZ. The contact area remains unchanged all the time.

In order to investigate the effect of the function P(t) on the characteristics of the steady process
we carried out calculations for various values of the parameter a. We established the following
results.

1. The distribution of the stresses, displacements, temperature and heat fluxes under steady conditions
do not, in fact, depend on a. The disagreement for values of a = 0.5, 1, and 3 amounted to no more
than 6%.

2. When qa is reduced from 1 to 0.5 the time at which a steady state is reached increases from 3.7 s
to 6 s. However, when there is a considerable increase in the value of @, this means sharper action of
the force P(7), and no reduction in 7, is observed. In Fig. 6 we show graphs of the vertical displacements
under the punch for various values of a. The dashed curve is drawn for a stress P(t) = FH(7).

3. When the punch is loaded with a force given by (7.1), the following temperatures are established
at each point of the bodies considered

p,z.0)<t(p.z), TP.z1)<T.(p,2)
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Fig. 6.

where .(p, z) and T_(p, z) are the solutions of the steady contact problem.

To estimate the accuracy of the method employed, the characteristics of the steady state were

compared with the solutions of the corresponding steady problem [2]. The maximum disagreements
were as follows: for the contact stresses 4%, for the temperature and heat flux on the boundary of the
half-space, 3% and 5%, respectively, and for the temperature at the bottom of the punch 3%.

We also analysed the effect of the curvatures of the edge of the punch on the results obtained. To

do this, the subdivision of the interval (0, 1) was doubled, while the part with curvature was reduced
by half. The contact stresses and the temperature on the plane part of the punch changed only slightly.
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